We prove that generically, both in a topological and measure-theoretical sense, an invariant Lagrangian Diophantine torus of a Hamiltonian system is doubly exponentially stable in the sense that nearby solutions remain close to the torus for an interval of time which is doubly exponentially large with respect to the inverse of the distance to the torus. We also prove that for an arbitrary small perturbation of a generic integrable Hamiltonian system, there is a set of almost full positive Lebesgue measure of KAM tori which are doubly exponentially stable. Our results hold true for real-analytic but more generally for Gevrey smooth systems.
1 Introduction and results
Introduction
The goal of this paper is to prove that invariant Lagrangian Diophantine tori in Hamiltonian systems are generically doubly exponentially stable. We will consider two settings.
In a first setting, we consider a Lagrangian Diophantine torus invariant by a Hamiltonian flow on an arbitrary symplectic manifold. It is well-known that by a symplectic change of coordinates, one can consider a Hamiltonian
where · denotes the Euclidean scalar product, || · || is the associated norm, n ≥ 1 is an integer, T n := R n /Z n , B is some open bounded neighborhood of the origin in R n and ω ∈ R n is a vector which is assumed to be Diophantine: there exist constants 0 < γ ≤ 1 and τ ≥ n − 1 such that for any k = (k 1 , . . . , k n ) ∈ Z n \ {0}, |k · ω| ≥ γ|k| −τ , |k| := |k 1 | + · · · + |k n |.
(Dio γ,τ )
The torus T ω := T n × {0} is then invariant by the Hamiltonian flow of H, and the flow restricted on T ω is quasi-periodic with frequency ω. There are several questions one can ask about the stability or instability properties of such an invariant torus, for instance:
H ε (θ, I) = h(I) + εf (θ, I), (θ, I) ∈ T n ×D,
whereD is the closure of some open bounded domain D ⊆ R n , and ε ≥ 0 is a small parameter. When ε = 0, letting ω * = ∇h(I * ) ∈ R n for I * ∈ D, the Lagrangian tori T ω * := {I = I * } are obviously invariant by the Hamiltonian flow of H 0 = h, and they are quasi-periodic with frequency ω * . Assuming that H ε is sufficiently smooth and ε sufficiently small, under the Kolmogorov non degeneracy condition (a generic condition on h, see Definition 4 below) the classical KAM theorem asserts that most of the invariant tori of the integrable system persist under perturbation. More precisely, let Ω be the image by ∇h ofD and, fixing 0 < γ ≤ 1, τ > n − 1, let Ω γ,τ := {ω ∈ Ω | d(ω, ∂Ω) ≥ γ, ω ∈ Dio γ,τ } .
(1.1)
Observe that since τ > n − 1, the complement of Ω γ,τ in Ω has a measure of order γ. The KAM theorem asserts that if one assumes that ε ≤ cγ 2 where c is some positive constant that depends on h and f , then there exists a set
whose complement has a Lebesgue measure of order at most γ, and which consists of Lagrangian Diophantine tori T ε ω * invariant by H ε that converge to T ω * as ε goes to zero. For real-analytic systems, this is a classical result (see [Pös01] and references therein) and for Gevrey smooth systems, this result is due to Popov ([Pop04] ). Our second theorem states that for real-analytic or Gevrey smooth systems, under a further generic condition on h and a further smallness assumption on ε, a sub-family K ′ of this family K of KAM tori (with a complementary still having measure of order at most γ) is doubly exponentially stable. We refer to Theorem B below and its corollary for precise statements. This result extends a previous result obtained in [MG95a] , [GM97] in the real-analytic case, under the stronger (and non-generic) condition that h is quasi-convex.
Results
Let us now state more precisely our results. Given some bounded domain U ⊆ R n , and real
We shall always assume that L 1 ≥ 1 and
(T n × U ), equipped with the above norm, is a Banach space. When α = β and L 1 = L 2 = L, we simply write G α L (T n ×U ) and when α = 1, then G 1 L (T n ×U ) is the space of real-analytic functions which can be extended as a holomorphic function on a complex s-neighborhood of T n ×U in C n /Z n ×C n , with s < L −1 . For simplicity, we shall also say that a function is (α, β)-Gevrey (respectively
. Let us introduce the following notations: given some ρ > 0, some domain U ⊆ R n and some subset S ⊂ T n × U , we denote by
Definition 1. An invariant quasi-periodic Lagrangian torus T embedded in T n × U is doubly exponentially stable with exponent u > 0 if there exist positive constants r * and C such that for any r ≤ r * and any solution (θ(t), I(t)) of the Hamiltonian system associated to H with (θ(0), I(0)) ∈ V r T , we have
Now let us come back to our first setting, that is we consider a Hamiltonian as in (H), with ω satisfying (Dio γ,τ ). In this setting, the torus T ω is doubly exponentially stable with exponent u > 0 if there exist positive constants r * and C such that for any r ≤ r * and any solution (θ(t), I(t)) of the Hamiltonian system associated to H with ||I(0)|| ≤ r, we have
If H is smooth, given any integer m ≥ 2, there exists a symplectic transformation Φ m defined on a neighborhood of T n × {0} which is close to the identity and such that
where H m is a polynomial in n variables of degree m without constant or linear terms (see, for instance, [Dou88] ). One also have a formal symplectic transformation Φ ∞ and a formal series H ∞ such that H • Φ ∞ (θ, I) = H ∞ (I). The polynomials H m (respectively the formal series H ∞ ) are uniquely defined and they are called the Birkhoff polynomials (respectively Birkhoff formal series).
Next we need to recall the following definition from [BFN15] , which was inspired by the work of Nekhoroshev ([Nek73] ). Let P (n, m) be the space of polynomials with real coefficients of degree m in n variables, and P 2 (n, m) ⊂ P (n, m) the subspace of polynomials without constant or linear terms.
Definition 2 (Stably steep polynomials). Given positive constants ρ, C and δ, a polynomial P 0 ∈ P 2 (n, m) is called (ρ, C, δ)-stably steep if for any integer l ∈ [1, n − 1], any P ∈ P 2 (n, m) such that ||P − P 0 || < ρ and any vector subspace Λ ⊆ R n of dimension l, letting P Λ be the restriction of P to Λ, the inequality holds true for all 0 < ξ ≤ δ. A polynomial P 0 ∈ P 2 (n, m) is called stably steep if there exist positive constants ρ, C and δ such that P 0 is (ρ, C, δ)-stably steep.
The set of stably steep polynomials in P 2 (n, m) will be denoted by SS(n, m). For a fixed ω ∈ R n , we let H α L (ω) be the space of Hamiltonians H ∈ G α L (T n × B) as in (H). We can now state our first main result.
Then T ω is doubly exponentially stable with exponent 1 α(1+τ ) . The positive constants r * and C of the double exponential stability depend only on n, γ τ , α, L, ||H|| α,L,B and on some constants characterizing the condition (G).
It remains to explain in which sense (G) is generic. As we proved in [BFN15] (this will be recalled in §3, Proposition 3.1), SS(n, m 0 ) is an open set of full Lebesgue measure (and hence dense) in P 2 (n, m 0 ) (more precisely, its complement is a semi-algebraic subset of P 2 (n, m 0 ) of positive codimension). Using this, we proved in [BFN15] that the Birkhoff normal form of order m 0 of a Hamiltonian system at a non resonant elliptic fixed point is in general stably steep ( [BFN15] , Theorem C). In a similar fashion, we have here that for any H ∈ H α L (ω) with ω satisfying (Dio γ,τ ), for an open set of full Lebesgue measure of Q ∈ P 2 (n, m 0 ), the condition (G) holds true for the modified Hamiltonian H Q ∈ H α L (ω) defined by H Q (θ, I) := H(θ, I) + Q(I). Indeed, the Diophantine condition on ω is necessary just to be able to perform the Birkhoff normal form reduction up to order m 0 since we are dealing here with an invariant torus while in [BFN15] we were interested with fixed points. Apart from this, the proof that the condition (G) holds for H Q for an open set of full Lebesgue measure of Q ∈ P 2 (n, m 0 ) follows exactly the same steps as in the fixed point case (see [BFN15] Section §2.2). Hence we get the following corollary of Theorem A.
Corollary A. In the space of Hamiltonians H α L (ω) with ω satisfying (Dio γ,τ ), the set of Hamiltonians for which T ω is doubly exponentially stable with exponent Proof. It follows directly from Theorem A and the fact that the subspace of H α L (ω) for which (G) holds is open, dense and prevalent. Indeed, prevalence follows form the fact that (G) holds for H Q for a set of full Lebesgue measure of Q ∈ P 2 (n, m 0 ) (see [HK10] for a survey on the notion of prevalence). Openness follows from the fact that (G) is an open condition, and density then follows from prevalence. Now let us consider our second setting, that is we consider a Hamiltonian as in (H ε ).
Definition 3. We say that a completely integrable Hamiltonian h ∈ G α L (D) is KAM doubly exponentially stable with exponent u if for any f ∈ G α L (T n ×D), and for any γ > 0, the following holds: there exists ε * > 0 such that for any ε ≤ ε * , there exists, for the Hamiltonian flow of H ε as in (H ε ), a set of invariant Lagrangian Diophantine tori K ′ ⊆ T n ×D whose complement in T n ×D has a measure of order γ, and such that every torus in K ′ is doubly exponentially stable with exponent u.
Given a smooth function h defined on the closureD of some open bounded domain D ⊆ R n , for any I ∈D and any integer m ≥ 2, we define the Taylor polynomial T m I h ∈ P 2 (n, m) (starting at order 2) by
and recall the following definition.
Definition 4. Let us define by N (n, 2) the subset of P 2 (n, 2) consisting of non-degenerate quadratic forms. A smooth function h :D → R is said to be Kolmogorov non-degenerate if for all I ∈D, T 2 I h ∈ N (n, 2). Upon restrictingD if necessary, we may always assume that its gradient ∇h :D →Ω is a diffeomorphism onto its image. Our second main result is then as follows.
and
Then h is KAM doubly exponentially stable with exponent u, for any u < 1 αn .
As mentioned in the introduction, under the Kolmogorov non-degeneracy condition on h, invariant tori with frequency in Ω γ,τ (see (1.1)) are preserved, being only slightly deformed, by an arbitrary ε-perturbation, provided ε is sufficiently small. For Gevrey systems, this was proved by Popov in [Pop04] . It is only the second part of the statement (double exponential stability of the set of invariant tori) which is new, and the condition (S) is only required for this part of the statement. Under this condition, we will see in the proof of Theorem B that for any fixed τ > n − 1, for any γ > 0 and for ε sufficiently small, the tori in the set of KAM invariant tori
are doubly exponentially stable with exponent 1 α(τ +1) . Since τ can be chosen to be any number strictly smaller than n − 1, we can reach any exponent u with u < 1 αn . Here, we restricted, following [Pop04] , the frequencies to the subset Ω ′ γ,τ of vectors in Ω γ,τ which have positive Lebesgue density in Ω γ,τ ; that is ω ∈ Ω ′ γ,τ if for any neighborhood O of ω in Ω, the Lebesgue measure of O ∩ Ω γ,τ is positive. No measure is lost due to this restriction since the sets Ω γ,τ and Ω ′ γ,τ have the same Lebesgue measure. For every fixed couple (γ, τ ), the positive constants ε * , r * and C, characterizing the smallness of the perturbation as well as the constants that appear in the double exponential stability of the tori in K ′ of (1.2), depend only on n, γ, τ , α, L, ||h|| α,L,D , ||f || α,L,D and on some uniform constants characterizing the conditions (K) and (S). The latter uniform constants can be obtained using the compactness ofD and the fact that N (n, 2) and SS(n, m 0 ) are open.
As before, it remains to explain in which sense the conditions (K) and (S) are generic. In fact we have the following lemma.
, for an open set of full Lebesgue measure of Q ∈ P 2 (n, m 0 ), the modified integrable Hamiltonian h Q ∈ G α L (D) defined by h Q (I) := h(I) + Q(I) satisfies (K) and (S) on a compact subset ofD whose complement inD has a measure less than γ.
It immediately follows that the set of Q ∈ P 2 (n, m 0 ) such that for any γ > 0, h Q satisfies (K) and (S) (with constants that depend of course on γ) on a compact subset ofD whose complement inD has measure less than γ, contains a residual and prevalent set. Hence we get the following corollary of Theorem B and Lemma 1.1.
Corollary B. For a residual and prevalent set of integrable Hamiltonians
, h is KAM doubly exponentially stable with exponent u for any u < 1 αn .
Let us now give the proof of Lemma 1.1.
Proof of Lemma 1.1. Let us denote by G γ the set of Q ∈ P 2 (n, m 0 ) such that h Q satisfies both conditions (K) and (S) on a compact subset ofD whose complement inD has a measure less than γ. What we need to prove is that G γ is both open and has full Lebesgue measure.
Since the sets N (n, 2) and SS(n, m 0 ) are open, by a compactness argument the set G γ is open, so it remains to prove that G γ has full Lebesgue measure.
Let us define the subset KS ⊂D × P 2 (n, m 0 ) consisting of couples (I, Q) for which the modified Hamiltonian h Q satisfies both conditions (K) and (S) at the point I. Let us also define the sections
For any I ∈D, we claim that the set KS(I) has full Lebesgue measure. Indeed, it is obvious that the set of Q ∈ P 2 (n, m 0 ) for which condition (K) is satisfied at I has full Lebesgue measure while the fact that the set of Q ∈ P 2 (n, m 0 ) for which condition (S) is satisfied at I has full Lebesgue measure follows from [BFN15] . By Fubini's theorem, there exists a subset G ⊂ P 2 (n, m 0 ) of full Lebesgue measure such that for any Q ∈ G, the set KS(Q) has full Lebesgue measure, that is h Q satisfies both conditions (K) and (S) at almost all points I ∈D. In particular, for any Q ∈ G and for any γ > 0, h Q satisfies both conditions (K) and (S) on a compact subset ofD whose complement inD has a measure less than γ. This shows that G is contained in G γ (in fact, G is contained in the intersection of the G γ over γ > 0), and therefore G γ has full Lebesgue measure.
Plan of the proofs
The proofs of Theorem A and Theorem B, although independent from each other, will follow the same path, which was the one also taken in [BFN15] . Let us first start with the case of a single Lagrangian invariant Diophantine torus.
The first step consists of constructing a Birkhoff normal form with an exponentially small remainder. In the analytic case, even though the Birkhoff formal series is expected to be divergent in general, its coefficients have a moderate growth of Gevrey type, so that on a ball of radius r, if one truncates the series at a large order m ∼ r −a , the non-integrable part in the normal form becomes exponentially small with respect to m ∼ r −a . In the case of an elliptic fixed point, these estimates have been proved but the calculations do not apply directly to the case of invariant tori. However a more general result (valid for Gevrey smooth systems) in the case of an invariant torus has been obtained by Mitev and Popov in [MP10] . Indeed, by Borel's theorem the formal Birkhoff series h ∞ can be realized as the Taylor series at I = 0 of some smooth function H * (I); it is proved in [MP10] that one can choose such a function H * in a Gevrey class, and this gives immediately the desired growth on the coefficients of h ∞ . More precisely, if H is α-Gevrey and ω satisfies (Dio γ,τ ), then setting β = α(1 + τ ) + 1, one can find a symplectic transformation Φ which is (α, β)-Gevrey, such that H • Φ(θ, I) = H * (I) + R * (θ, I), where H * is β-Gevrey, R * is (α, β)-Gevrey and flat at I = 0. It follows that on a r-neighborhood of I = 0, R * is exponentially small with respect to r −(β−1) −1 = r −α −1 a . Now, if in addition, the Birkhoff polynomial H m 0 is assumed to be stably steep, one can prove as in [BFN15] that any sufficiently smooth function, whose Taylor expansion at some point coincides with H m 0 , is steep in a neighborhood of this point. By unicity of the Birkhoff polynomials, we then get that H * is steep in a neighborhood of the origin. So on a small r-neighborhood of I = 0, H • Φ is an exponentially small (in r) perturbation of a steep integrable Hamiltonian: the double exponential stability follows by applying a version of Nekhoroshev's theorem in Gevrey classes. Now in the case of a family of KAM tori, under the Kolmogorov non-degeneracy condition (K), Popov constructed in [Pop04] a simultaneous Birkhoff normal form for invariant tori with frequencies ω * ∈ Ω ′ γ,τ : for H ε = h + εf , assuming that both h and f are α-Gevrey, there exists a symplectic transformation Ψ which is (α, β)-Gevrey, such that H ε • Ψ(θ, I) = h * (I) + f * (θ, I), where h * is β-Gevrey, f * is (α, β)-Gevrey, and f * is flat at every point I ∈ (∇h * ) −1 (Ω ′ γ,τ ). This immediately implies the persistence of invariant tori with frequencies in Ω ′ γ,τ . Moreover, the derivatives of h * are close (with respect to ε) to the derivatives of h, hence the condition (S) also holds true with h replaced by h * , provided ε is sufficiently small. This implies that h * is steep, while f * is exponentially small on a neighborhood of T n × (∇h * ) −1 (Ω ′ γ,τ ): as before, the double exponential stability follows from Nekhoroshev theorem.
The plan of the article is as follows. In §2, we recall the results concerning the Birkhoff normal form for a Hamiltonian as in (H) and the simultaneous Birkhoff normal form for a Hamiltonian as in (H ε ), following [MP10] and [Pop04] . In §3, we recall some results concerning stably steep polynomials, following [Nek73] and [BFN15] . The proof of Theorem A and Theorem B will be given in §4, using the results of §2 and §3, and a version of Nekhoroshev estimates for perturbation of steep integrable Hamiltonians in Gevrey classes, that we state in Appendix A.
Birkhoff normal forms
In the sequel, given some ρ > 0 and some point I * ∈ R n , we define B ρ (I * ) = V ρ {I * } the open ball of radius ρ around I * in R n , and for I * = 0 ∈ R n , we let B ρ = B ρ (0).
with ω satisfying (Dio γ,τ ), and define β := α(1 + τ ) + 1. Then there exist positive constantsr, L 1 , L 2 and A, which depend only on n, γ, τ , α, L and ||H|| α,L,B and a symplectic transformation
and with the following properties:
(1) for any (θ, I) ∈ T n × Br (resp. for any (θ ′ , I ′ ) ∈ Φ(T n × Br)), we have
, where Π I (resp. Π I ′ ) denotes projection onto action space;
(2) the Taylor series of H * at I = 0 is given by the Birkhoff formal series H ∞ ; (3) ∂ l I R * (θ, 0) = 0 for all θ ∈ T n and all l ∈ N n : hence for any r such that 0 < 2r <r,
This statement is a direct consequence of Theorem 2 in [MP10] , to which we refer for a proof. The statement (2) follows by construction of H * , whereas (3) follows from Stirling's formula. Indeed, the assumption that R * is (α, β)-Gevrey and flat at I = 0, implies, by Taylor's formula, that for any m ∈ N:
Choosing m ∼ (L 2 ||I||)
by Stirling's formula we eventually obtain
where A depends only on ||R * || α,β,L 1 ,L 2 ,Br and n. For ||I|| < 2r, this proves (3).
Les us now give an analogous statement for a Hamiltonian as in (H ε ).
, and fix γ > 0. Assume that (K) is satisfied. Then there exist positive constantsε, L ′ 1 , L ′ 2 , A ′ and E, which depend only on n, σ, γ, τ , α, L, ||h|| α,L,D , ||f || α,L,D and on the condition (K), such that for ε ≤ε, there exists a symplectic transformation
and a diffeomorphism ω :
, with the following properties:
(2) ||∂ l I ω(I) − ∂ l I ∇h(I)|| ≤ EL ′|l| 2 l! β √ ε for all I ∈ D and l ∈ N n ; (3) setting J ′ γ,τ := ω −1 (Ω ′ γ,τ ), we have ∂ l I ω(I) = ∂ l I ∇h * (I) for all I ∈ J ′ γ,τ and l ∈ N n ; (4) we have ∂ l I f * (θ, I) = 0 for all (θ, I) ∈ T n × J ′ γ,τ and all l ∈ N n : hence for any r > 0 sufficiently small so that
. This is exactly the content of Theorem 1.1 and Corollary 1.2 of [Pop04] , to which we refer for a proof.
Stably steep polynomials
In this section, we recall some results concerning stably steep polynomials, which were defined in Definition 2. The first one states that stably steep polynomials of sufficiently high degree are generic, and was used in the justification of Corollary A and Corollary B.
Proposition 3.1. The complement of SS(n, m 0 ) in P 2 (n, m 0 ) is contained in a closed semialgebraic subset of codimension at least one. In particular, SS(n, m 0 ) is an open dense set of full Lebesgue measure.
For a proof, we refer to Proposition A.2 and Proposition A.3 in [BFN15] . In order to state the next results, we first recall the definition of steep functions.
Definition 5. A differentiable function h : G → R is steep on a domain G ′ ⊆ G if there exist positive constants C, δ, p l , for any integer l ∈ [1, n − 1], and κ such that for all I ∈ G ′ , we have ||∇h(I)|| ≥ κ and, for all integer l ∈ [1, n − 1], for all vector space Λ ∈ R n of dimension l, letting λ = I + Λ the associated affine subspace passing through I and h λ the restriction of h to λ, the inequality
holds true for all 0 < ξ ≤ δ. We say that h is (κ, C, δ, (p l ) l=1,...,n−1 )-steep on G ′ and, if all the p i = p, we say that h is (κ, C, δ, p)-steep on G ′ .
We have the following proposition, which states that if a smooth function has a stably steep Taylor polynomial at some point, then the function is steep on a neighborhood of this point. 
This proposition is analogous to Theorem 2.2 of [BFN15] ; however, the setting being slightly different we give the details.
Proof of Proposition 3.2. We let M = ||h|| C m 0 +1 (Br ) , and we assume 3r <r. Then observe that for r sufficiently small with respect to M and ̟, we have ||∇h(I)|| ≥ κ = ̟/2, I ∈ B 2r .
Since P 0 := T m 0 0 h is (ρ ′ , C ′ , δ ′ )-stably steep, for r sufficiently small with respect to M and ρ ′ , P I := T m 0 I h is (ρ ′ /2, C ′ , δ ′ )-stably steep for any I ∈ B 2r . By definition, for any vector subspace Λ ⊆ R n of dimension 1 ≤ l ≤ n − 1, letting P I,Λ be the restriction of P I to Λ, the inequality max
holds true for all 0 < ξ ≤ δ ′ . Assume r ≤ δ ′ , then for x ∈ Λ such that ||x|| ≤ ξ ≤ δ = r and for any I ∈ B 2r , we have I + x ∈ B 3r ⊆ Br hence by Taylor's formula (applied to ∇h at order m 0 ) we obtain
Therefore, if we assume r sufficiently small with respect to M , m 0 and C ′ , we get
and hence, projecting the above vector onto Λ, we have
where λ = I + Λ. Letting I ′ = I + x, the inequalities (3.1) and (3.2) yield, for any I ∈ B 2r , the inequality
for all 0 < ξ ≤ δ = r. This concludes the proof.
We will also need a version of Proposition 3.2, in which I = 0 ∈ R n is replaced by a compact set K ⊆ R n . Proposition 3.3. Let K ⊆ R n be a compact set, h : VrK → R be a function of class C m 0 +1 such that ||∇h(I)|| ≥ ̟ > 0 and T m 0 I h is (ρ ′ , C ′ , δ ′ )-stably steep for any I ∈ K. Then for r > 0 sufficiently small with respect tor, ||h|| C m 0 +1 (VrK) , ρ ′ , ̟, m 0 , C ′ and δ ′ , the function h is (κ, C, δ, m 0 − 1)-steep on V 2r K with
The proof is completely analogous to the proof of Proposition 3.2, so we do not repeat the argument.
Proof of the main results
In this section, we give the proofs of Theorem A and Theorem B. Theorem A follows from Theorem 2.1, Proposition 3.2 and a version of Nekhoroshev estimates for perturbations of steep integrable Hamiltonians in Gevrey classes, which is stated as Theorem A.1 in Appendix A. Theorem B follows from Theorem 2.2, Proposition 3.3 and Theorem A.1.
Proof of Theorem A. Recall that we are considering H ∈ H α L (ω), with ω satisfying (Dio γ,τ ), and that we are assuming that H m 0 ∈ SS(n, m 0 ), for m 0 := [n 2 /2 + 2]. We can apply Theorem 2.1: setting β = α(1 + τ ) + 1, there exist positive constantsr, L 1 , L 2 , A, which depend only on n, γ, τ , α, L and ||H|| α,L,B and a symplectic transformation
(1) for any (θ, I) ∈ T n × Br) (resp. for any (θ ′ , I ′ ) ∈ Φ(T n × Br)), we have Π I Φ(θ,
(2) the Taylor series of H * at I = 0 is given by the Birkhoff formal series H ∞ ;
(3) ∂ l I R * (θ, 0) = 0 for all θ ∈ T n and all l ∈ N n : hence for any r such that 0 < 2r <r,
for some positive constant F . Since β > α, using (3), we also have
Then, using (2), we have T
Together with the fact that ∇H * (0) = ω = 0 this implies, by Proposition 3.2, that for r sufficiently small, the function H * is (κ, C, r, m 0 − 1)-steep on B 2r , for some positive constants κ and C. We can therefore apply Theorem A.1 to the Hamiltonian H • Φ, with
Assuming r > 0 sufficiently small, the threshold (A.2) of Theorem A.1 is satisfied, and we find that for any solution (θ(t),Ĩ(t)) of the Hamiltonian system associated to H • Φ with I(0) ∈ B 5r/4 , thenĨ
. Now observe that by choosing some positive constant C sufficiently large, and requiring r to be sufficiently small, we obtain
and thus we have in particular
(4.1)
To conclude the proof, consider an arbitrary solution (θ(t), I(t)) of the Hamiltonian system associated to H, with I(0) ∈ B r . Then (θ(t),Ĩ(t)) = Φ −1 (θ(t), I(t)) is a well-defined solution of H • Φ, and using the property (1) above, we can ensure thatĨ(0) ∈ B 5/4r . Hence (4.1) holds true, and using (1) again, this implies in particular that
which concludes the proof.
Proof of Theorem B. Recall that we are considering H ε as in (H ε ), with h ∈ G α L (D) and f ∈ G α L (T n ×D), and that we are assuming that (K) and (S) are satisfied and that γ > 0 is fixed. We can apply Theorem 2.2: there exist positive constantsε, L ′ 1 , L ′ 2 , A ′ , E, which depend only on n, σ, γ, τ , α, L, ||h|| α,L,D , ||f || α,L,D and on the condition (K), such that for ε ≤ε, there exists a symplectic transformation
and a diffeomorphism ω : D → Ω whose components belong to G (1) ||Ψ−Id|| C 1 (T n ×D) ≤ E √ ε and
, we have ∂ l I ω(I) = ∂ l I ∇h * (I) for all I ∈ J ′ γ,τ and l ∈ N n ; (4) we have ∂ l I f * (θ, I) = 0 for all (θ, I) ∈ T n × J ′ γ,τ and all l ∈ N n : hence for any r > 0 sufficiently small so that V 2r J ′ γ,τ ⊆ D,
Then observe that since SS(n, m 0 ) is open in P 2 (n, m 0 ), by compactness ofD we can find positive constants ρ ′ , C ′ and δ ′ so that for all I ∈D, T m 0 I h is (ρ ′ , C ′ , δ ′ )-stably steep. From (2) and (3) and for ε small enough, we have that for I ∈ J ′ γ,τ , T
implies the following statement: given any invariant torus T ε ω * , any solution (θ(t), I(t)) of the Hamiltonian system associated to H • Ψ, with (θ(0), I(0)) ∈ V r T ε ω * , satisfy (θ(t), I(t)) ∈ V 2r T ε ω * , |t| ≤ exp exp (Cr)
Since we can choose any τ > n − 1, for any u < 1 αn we have that each tori in the family K ′ is doubly-exponentially stable with exponent u, hence h is KAM doubly exponentially stable with exponent u. This concludes the proof.
A Nekhoroshev estimates for Gevrey steep Hamiltonian systems
The aim of this Appendix is to give a version of Nekhoroshev estimates for perturbations of steep integrable Hamiltonians in Gevrey classes. For real-analytic Hamiltonians, they were obtained by Nekhoroshev in his seminal works ([Nek77] , [Nek79] ); here, for Gevrey smooth Hamiltonians we will follow the method of [Bou11] and [BFN15] . Given r > 0, let us denote by B 2r (I * ) the ball of radius 2r around I * in R n and consider a Hamiltonian as follows: where a = 1 + p + p 2 + · · · + p n−1 .
In particular, we have I(t) ∈ B 3r/2 (I * ), |t| ≤ exp c ′′ µ
In the situations we are interested in, r is a small parameter, and µ is exponentially small with respect to some power of r −1 so that (A.2) is automatically satisfied.
The second part of the above statement is obviously a direct consequence of the first part. We will not prove the first part of Theorem A.1, but we claim that it follows from the method of proof of [Bou11] , Theorem 2.4 and [BFN15] , Theorem D. Indeed, the analytical part (the construction of resonant normal forms on suitable domains) can be taken from Theorem 2.4 of [Bou11] , and combined with geometric part (the confinement argument) of Theorem D in [BFN15] to give a proof of Theorem A.1. Let us recall that [BFN15] deals with elliptic fixed points in real-analytic systems; yet the geometric part is not sensible to the regularity of the system, and is the same in Cartesian or action-angle coordinates. Alternatively, one can only uses [Bou11] , but at the expense of a worst exponent a (which is, however, not important for our purpose here).
